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Why White-box?
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Motivation: A gap between practice (directly use CE) and theory (how it works).

Objective: 
- Make the representation of data easy to use.

- Understand the complicated mapping of deep neural nets.  

Hence, interpret deep networks from the principles of data compression and discriminative 
representation.



Good Data Representation
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Assume the mixed data lies on low dimension of sub manifolds M.

Try to make that representation of data easy to use.

What is good representation? 

For the data between different classes: highly incoherent.

For the data within the same class: stay close together.



Rate Reduction
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Rate Distortion
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What is the volume spanned by all the features? Consider feature mapping:

The average coding length per sample (rate) subject to a distortion   :

This gives the number of binary bits in order to save the data 
(Z matrix) in the computer.

From the figure, it means how many    balls can be packed into the 
volume of the space (volume of whole / volume of each ball)

Chan, Kwan Ho Ryan, et al. "ReduNet: A white-box deep network from the principle of maximizing rate reduction." The Journal of Machine 
Learning Research 23.1 (2022): 4907-5009.



Rate Distortion
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What is the volume spanned by individual classes? For data with multiple classes (subsets):

      encodes the membership of m samples in k classes.

With the partition, the average number of bits per sample 

(coding rate) can be written:



Rate Reduction
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Maximize the difference between the space of all features and the average rate for individual 
classes:

which is:

Expand features: make different classes as different as possible.

Compress each class: all the features belongs to the same class as small as possible.



Maximizing Rate Reduction
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First term (green spheres + blue spheres):  how many sphere    ball can pack into the space.

Second term (green spheres): only need the number of green balls to pack the data.

Rate reduction: blue spheres.

New objective function: 

Max the Coding Rate Reduction, MCR².

Yu, Yaodong, et al. "Learning diverse and discriminative representations via the principle of maximal coding rate reduction." Advances in 
Neural Information Processing Systems 33 (2020): 9422-9434.



Experiments
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ResNet-18 on CIFAR-10. Replace CE with Rate Reduction (MCR²):

Classification results with features learned with labels corrupted at different levels: 



Experiments
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Comparison:

MCR² is more diverse.



ReduNet for Optimizing Rate Reduction
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Projected Gradient Ascent for Rate Reduction
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We cannot directly optimize the function, since it's non-convex:

So we use PGA to optimize:



Projected Gradient Ascent for Rate Reduction
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The derivatives are:

 Hence the gradient is:



Projected Gradient Ascent for Rate Reduction
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Goal: try to push the data into orthogonal subspaces.

Locally, compute the gradient flow, and push the data along the gradient flow.



ReduNet for Optimizing Rate Reduction
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 One layer of the ReduNet: one PGA iteration.

Chan, Kwan Ho Ryan, et al. "ReduNet: A white-box deep network from the principle of maximizing rate reduction." The Journal of Machine 
Learning Research 23.1 (2022): 4907-5009.



Learning Mixture of Gaussians
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Left: original samples X and ReduNet features Z = f(Z, θ) for 3D Mixture of Gaussians. 

Right: plots for the progression of values of the rates. 



White-box Transformers (CRATE)
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White-Box Transformer (CRATE)
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Can we interpret transformers via rate reduction?

Ultimate Goal: compress and sparsify representations of large-scale real-world vision datasets

Multi-head self-attention operator: a gradient descent step to compress the token sets by minimizing 
their lossy coding rate 

Subsequent multi-layer perceptron: attempting to sparsify the representation

Unified objective function: sparse rate reduction

Yu, Yaodong, et al. "White-Box Transformers via Sparse Rate Reduction." arXiv preprint arXiv:2306.01129 (2023).



Unified Objective Function - Sparse Rate Reduction
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bases for supporting subspaces for the mixture-of-Gaussians model at each layer



‘Main Loop’ of the White-box Transformers Design
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Compression (multi-head self-attention): 
transform the data to low dimensional subspaces by minimizing the coding rate

Sparsification (mlp): 
sparse coding against a global dictionary



Minimizing Coding Rate Reduction
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Optimizing the Remaining Terms
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Unrolled proximal gradient descent step:
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Experiment
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Conclusions
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Conclusions
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Rate reduction can help make better data representation. It expand the volume of all features and 
compress the volume for individual classes.

We can construct interpretable White-box Neural Nets via maximizing rate reduction. 

The network is constructed in a forward fashion (with iterative optimization) instead of backward 
propagation. All the parameters are automatically initialized by the forward construction.

We can construct interpretable White-box Transformers via rate reduction and sparsification. 

The multi-head self-attention layer can be viewed as a gradient descent to compress the token sets 
by minimizing their lossy coding rate, and the multi-layer perceptron layer can be viewed as 
attempting to sparsify the data representation. 



Thanks for Listening
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